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In this article, we consider a time-discrete epidemic model, which is built by a rational modeling making use
of the Royama’s framework [4, 5, 6, 7].Especially we consider an epidemic population dynamics of nonfatal
disease transmission, assuming that the total population size can be regarded as constant, say $N$ , according
to the epidemic time scale. We assume the probability $P(i)$ that the number of conta $s$ to other individuals
by an individual is $i$ in the $k$ th day, and give the probability that the individual who contacts in $j$ times
to some infectives in the $k$ th day successfully escapes from the infection by $(1 -\beta)^{j}(0<\beta<1)$ . Our
discrete model can be regarded as a discrete Kermack-McKendrick SIR model if we assume that $P(i)$ follows
a Poisson distribution. Further, with a rational introduction of the time step size, the limit of our discrete
model system exactly converges/corresponds to well-known Kermack-McKendrick SIR model. We show that
there is explicitly a conservation quantity for the discrete SIR model as well as for the well-known Kermack-
McKendrick SIR model, furthermore that those conservation quantities coincide with each other so that the







( [1, $6|$ )
Royama (1992) [4] (2008, 2009) [6, 7]
$\psi_{k}=S_{k}/N$,
$\phi_{k}=I_{k}/N$ , ( ) $\eta_{k}=R_{k}/N$ SIR
1 Poisson
0
Kermack-McKendrick SIR [6, 7]
Kermack-McKendrick SIR
SIR




(i.e., ) ( )
( ) $N$ ( ) $k$ ( )
$S_{k}$ , ( ) $I_{k}$ 1 $i$
$P(i)$ 1 $\langle\pi\rangle$ $\langle\pi\rangle=\sum_{1=0}^{\infty}iP(i)$
$k$ 1 $i$ ( complete mixing
) $\phi_{k}=I_{k}/N$ $k$
$\sum_{\iota=0}^{\infty}(I_{k}/N)iP(i)=(I_{k}/N)\langle\pi\rangle$ 1 $j$






















Fig. 1: (2) $\psi_{0}=0.999;\phi 0=0.001;q=0.2;\beta=0.1;\gamma=5.0_{0}$
1 $\langle\pi\rangle$ $\langle\pi\rangle=\gamma$ (1)








$h>0$ [6, 7] :
$\psi(t+h)=$ $\psi(t)e^{-\beta\gamma h\phi(t)}$
$\phi(t+h)=$ $\psi(t)\{1-e^{-\beta\gamma h\phi(t)}\}+(1-qh)\phi(t)$ (3)
$\eta(t+h)=$ $qh\phi(t)+\eta(t)$
(2) (3) (2)



















(5) $(\psi, \phi)$- $(\psi(t), \phi(t))$
(Fig. 2 )







$\psi_{k}+\phi_{k}-\frac{q}{\beta\gamma}$ lncr $\psi_{k}=\psi_{0}+\phi_{0}-\frac{q}{\beta\gamma}\log\psi_{0}$ (7)
40
$\psi(t)$
Fig. 3: (3) (4) $\psi(0)=0.999;\phi(0)=0.001;q=0.02;\beta=0.1;\gamma=0.5;h=10.0$ (3)
$\{(\psi(t), \phi(t))|t=0, h, 2h, \ldots\}$ (4)
(7) $(\psi, \phi)$- (2 $\{(\psi_{k}, \phi_{k})|k=$
0,1,2, . . .}
$\psi+\phi-\frac{q}{\beta\gamma}\log\psi=\psi_{0}+\phi_{0}-\frac{q}{\beta\gamma}\log\psi_{0}$ (8)
5 Dynamical Consistency
Kermack-McKendrick SIR (2) $h$ (3)
(6)
$\psi(t+h)+\phi(t+h)-\frac{q}{\beta\gamma}\log\psi(t+h)=\psi(t)+\phi(t)-\frac{q}{\beta\gamma}\log\psi(t)$ (9)
(9) $(\psi, \phi)$- (3) $\{(\psi(t), \phi(t))|t=0, h, 2h, \ldots\}$
$\psi+\phi-\frac{q}{\beta\gamma}\log\psi=\psi(0)+\phi(0)-\frac{q}{\beta\gamma}\log\psi(0)$ (10)
$(\psi, \phi)$- (10) Kermack-McKendrick SIR ( ) (4)
(5) $(\psi, \phi)$- (3)
$\{(\psi(t), \phi(t))|t=0, h, 2h, \ldots\}$ Kermack-McKendrick SIR ( ) (4)
(5) (Fig. 3)
Kermack-McKendrick SIR ( ) (4) $\beta$ ,
$\gamma,$ $q$ Kermack-McKendrick SIR (2) $h$
$h$
$\gamma$ $q$ $\gammaarrow\gamma h,$ $qarrow qh$
$\psi_{k+1}=$ $\psi_{k}e^{-\beta\gamma h\phi_{k}}$
$\phi_{k+1}=$ $\psi_{k}(1-e^{-\beta\gamma h\phi_{k}})+(1-qh)\phi_{k}$ (11)
$\eta_{k+1}=$ $qh\phi_{k}+\eta_{k}$ .
41
( (3) ), (4) $(\psi(0),\phi(0))$ $(\psi_{0}, \phi_{k})=$
$(\psi(0), \phi(0))$ (11) $\{(\psi_{k}, \phi_{k})|k=0,1,2, \ldots\}$ (4) $(\psi(t), \phi(t))$
$h$ $\{(\psi(t), \phi(t))|t=0, h, 2h, \ldots\}$ : $(\psi_{k}, \phi_{k})=(\psi(kh), \phi(kh))$
$(k=0,1, 2, . . .)$ (11) Kermack-McKendrick
SIR ( ) (4) dynamical consistency
6
$h$ Kermack-McKendrick SIR (11)
(4) Kermack-McKendrick
$t=0,$ $h,$ $2h,$ $\ldots$ ( )
(11)
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